The usual (real) octonions are defined by the Cayley-Dickson construction which starts with the quaternion algebra H (which
can itself be obtained from the complex numbers by using the same construction, or from the reals by using it twice) and
constructs O = H@HY subject to the multiplication rules (for ¢, ¢’, r, 7 € H) that (0) ¢¢’ is the same as in H, (1) ¢(r'¢) = (r'q)¢,
(2) (r&)q' = (rq@' )¢ and (3) (rf)(r'¢) = —7'r. All of which can be summarized as (¢+7¢)(q¢' +r'¢) = (¢q¢/ —7'r)+ (r'q+rq)L.
(Mnemonic: if u is a quaternion of unit norm then g — ¢ and r¢ — (ur)¢ defines an automorphism of the octonions: this highly
constrains the formule.) Conjugation is given by ¢ + ¢ = ¢ — rf. Using the standard 1, ¢, j, k basis of quaternions, we get the
following multiplication table:

x |1 j k| ¢ i e ke

1 i J k 14 14 V4 k¢
i i -1 k —j | & —£ =kt L
j j -k -1 i gt ke -0 —il
k k J - =1 | k¢ —j0 il —{
l ¢ =il —j50 —kl| -1 i J k

il || il 14 -kt g0 | — -1 -k J

gl ¢ kL L —il | —j k -1 —i

kKl | k¢ —j0 il l -k —j i -1

(Line index comes first, so i X j = k.)

This can also be recovered from the rules that (A) for  in {4, j, k}, the units u, ¢, uf obey the same rules as i, j, k (i.e.,
together with 1, they span a quaternion algebra oriented in this manner), and (B) whenever u # v in {¢, j, k}, the octonions
u, v, £ anti-associate, in other words u(vf) = —(uv)¥.

The quadratic form z — 2Z associated to the octonion usual algebra takes ¢ 4 ¢;1 + ¢;j + cik + ¢l + ¢ i€ 4 cjy j€ + cpy kL
toc?—l—c?+c§+ci+c?+ci+c§l+cﬁl.

B

To construct the split-octonions, we wish to replace ¢ by l satisfying 72 = 1. One way to do this is to complexify O and
put £ = I/ where I is square root of —1 obtained by complexifying. Or one can remove the minus sign in the Cayley-Dickson
construction: (¢ + r0)(q' + 1'0) = (qq’ + 7r) + ('q + r¢’ ). Now we have: (A) for u in {i, j, k}, the units u, /, ul together
with 1 span a split-quaternion algebra oriented in this manner (viz., u?> = —1 but 2= (ug)2 = 1), and (B) whenever © # v in
{4, j, k}, the split-octonions u, v, £ anti-associate, in other words u(vf) = —(uv)/.

The quadratic form z — 27 associated to the split-octonion usual algebra takes c¢; +c;i+c;j —&—c;{;k:—kclg +ci il+ cji jf +cr ke
toc%—i—c?—l—c?—&—ci —c?—c?l —c?l —cﬁl.

This description of the split-octonions, however, does not work in characteristic 2. To remedy this, we introduce a different
basis, namely el = 11+ () and e = i+ il) and ef = 1+ jf) and ef = 1k + k(). Then we get the following
multiplication table:

+ + - + - + -

X H ey € ‘ €] €] ‘ €5 €5 ‘ €3 €3 ‘
eq [eq 0 0 e; 0 ey 0 es
ey 0 e | ef 0 ey 0 ey 0
e el 0 0 —ey | ez 0 —ey 0
ey 0 e —63' 0 0 eg' 0 —ef
ey [[es 0 —e3 0 0 —ey | e; 0
e || 0 ey 0 —ed | —ed 0 0 ef
es | es 0 €y 0 —ey 0 0 —eq
e3 || 0 eg 0 ey 0 —ef | —ef 0

(Along with the unit 1 = e] + e; , and conjugation taking e to ef and e to —ei forn € {1,2,3}.)
Now the quadratic form takes coz e + cop €5 + C1p i + C1p €] + Cages + Cap €5 + Cagea + Cap €5 10 CopCop + C13C1y +
C24Coh + C34C3p-

We can define derivations &, 8, 83, pi, pi, pi, AT, AE, AT as follows:



| eq €y ef 2% e €y €3 €3
0 0 0 0 0 ey —e5 —eq es
02 0 0 —ef ey 0 0 ey —e5
03 0 0 61" —ey —e; ey 0 0
o7 | —ef e 0 —63_ + e es 0 —ey 0
2 ey —e] | e —ey 0 0 ey 0 —eq
oy || —es ey —e3 0 0 —esr + e ey 0
Py e,  —€y 0 —ed ey — €y 0 0 et
pr || —es  eF €y 0 —ey 0 0 —ef +ey
Ps e3  —eg 0 e 0 —e;] ey — €y 0
Mo 0 0 0 0 ez —e3 0
N 0 0 0 0 ey 0 0 —ey
Ao 0 —eF 0 0 0 0 er
2 0 0 0 —es 0 0 el 0
Mo 0 0 ey —ef 0 0 0
Ag 0 0 ey 0 0 —ey 0 0

Evidently 6; + 62 + 63 = 0 — all others are linearly independent and span the 14-dimensional Lie algebra g, of derivations

of the split-octonions.

Lie bracket table:
Cartan Short roots Long roots
LIl & 6 & | of pr | p Py 2 ps AT M [N N [ Ay
si|| o 0 0 0 0 Py —py —pT ps |20 =227 [-AF A7 [-aT O ag
S o 0 0 —pf o1 0 0 ox —ps | =AM AT |2 —2xg [ g
53 0 0 0 oF —o7 | —pf Py 0 0 |27 AT =7 A7 227 -2X5
or [ o 0T —pf 0 S2— 03| —2p3  3AT 20, 3\, | O 0 [p3 O 0  —p3
prll 0 —p  pl |=62+85 O 3\; 28 | -3xf 2 | 0 0 0 p3 |-p; O
oa || —p3 O Py 205  —3X\; 0 —&1+63] —20; 3N | 0 —pi| 0 0o [pf o
oy |l Py 0 —py | =3\  2pf |61-33 0 3\[ =2 |-p; O 0 0 0 pf
o |l 3 —pf O —2p;  3A) | 207  —3X\] 0 61—-02| p; O 0 —p] o0 0
o5 || —p5 Py 0 3\; =205 | -3\ 2] |-&1+8 O 0 p; |-pf O 0 0
M2 AT AT 0 0 0 Ps —p3 0 0 =61 |x3 0 [=x o0
M 2T a7 =7 0 0 pT 0 0 —py | & 0 0 A | 0o =AY
M AT —2ag A —py 0 0 0 0 Py |—A; O 0 =% |[A] O
A=Ay 220 =g 0 —p3 0 0 of 0 0 M| & 0 0 A
M AT A7 —2ad 0 5 —o7 0 0 0 Ay 0 [-x7 o0 0 -6
3 3 3 3 P2 P1 2 1 3
N og 0 0 —py 0 0 0 A | 0 x| 4 0
With respect to the Cartan algebra b := (41, 02, d3), the root system is as follows:
+
/\1
—_ + —_ —_
A3 P2 P3 Ay
- +
P1 P1
+ + — +
Ay P3 P2 Az
A

* ek ef are weight vectors having the same weights as the short roots pi pgt, pgt.)

(Note that e, €5, €3

If L, and R, stand for left- and right-multiplication by the split-octonion x and we let D, ,, = [L, L] +[Ly, Ry]+[Rs, Ry,
then this defines a derivation for all x, y, as given by the following table:

+

zd Dm,y Yy— H 63_ 60_ e—1i_ 61_ ‘ 6;_ 62_ €3 63_ ‘

e 0 0 Py —p Py -3 | ps —p3

2 0 0 | —p1 pi —py Py —ps p3

e —pr pr 0 —&+d | p5 g | -, =3A
er Pl —pi [ 82—0s 0 3); ps | =3\ —py

e —py Py | —pi  —3AF 0 o1—03 | pf 3\

2 P —Ps | =3y —py | —0i+d 0 3AT L

e3 —ps P3| P 3y —pi =3\ 0 —d1+0
ey ps —p3 | 3AF Py —3A\7 —p1 | 01— 62 0




